Abstract. We show that outer approximately represenbtable actions of a finite cyclic group on UCT Kirchberg algebras satisfy a certain quasi-freeness type property if the corresponding crossed products satisfy the UCT and absorb a suitable UHF algebra tensorially. More concretely, we prove that for such an action there exists an inverse semigroup of homogeneous partial isometries that generates the ambient C*-algebra and whose idempotent semilattice generates a Cartan subalgebra. We prove a similar result for actions of finite cyclic groups with the Rokhlin property on UCT Kirchberg algebras absorbing a suitable UHF algebra. These results rely on a new construction of Cartan subalgebras in certain inductive limits of Cartan pairs. We also provide a characterisation of the UCT problem in terms of finite order automorphisms, Cartan subalgebras and inverse semigroups of partial isometries of the Cuntz algebra O 2 . This generalizes earlier work of the authors.
Introduction
The universal coefficient theorem (UCT) for C*-algebras was introduced by Rosenberg and Schochet in [31] . A separable C*-algebra A is said to satisfy the UCT if for every separable C*-algebra A ′ the sequence 0 → Ext (K * (A), K * −1 (A ′ )) → KK * (A, A ′ ) → Hom (K * (A), K * (A ′ )) → 0 is exact, where the right hand map is the natural one and the left hand map is the inverse of a map that is always defined. Equivalently, a separable C*-algebra satisfies the UCT if and only if it is KK-equivalent to a commutative C*-algebra. The class of separable, nuclear C*-algebras satisfying the UCT coincides with the smallest class of separable, nuclear C*-algebras that contains the algebra of complex numbers and is closed under countable inductive limits, the two out of three property for extensions, and KK-equivalences, see [4] . Although there exist exact, non-nuclear C*-algebras that do not satisfy the UCT, [32] , it is still open whether all separable, nuclear C*-algebras satisfy the UCT. This question is often referred to as the UCT problem. It follows from Tu's striking paper [37] that amenable groupoids provide a rich source for nuclear C*-algebras in the UCT class. Building on Tu's work, the authors have proved that this also holds for twisted amenable,étale groupoids, see [1] . Therefore, employing Renault's remarkable characterisation of separable C*-algebras with Cartan subalgebras as twistedétale groupoids [28] , all separable, nuclear C*-algebras with Cartan subalgebras turn out to satisfy the UCT. At the same time, by work of Spielberg [33] results of Katsura [17] and Yeend [38, 39] ), UCT Kirchberg algebras are known to admit a Cartan subalgebra. The UCT problem is thus equivalent to the question whether every Kirchberg algebra has a Cartan subalgebra. Due to the recent breakthrough results in the classification program of separable, simple, nuclear C*-algebras, [9, 10, 36] , the UCT problem is receiving renewed interest. In fact, the necessary UCT assumption for classifiable C*-algebras remains mysterious. At the same time, these recent successes in the classification program foster the interest in concrete models for classifiable C*-algebras, such as realisations as (twisted) groupoid C*-algebras. Beside the models for UCT Kirchberg algebras by Katsura, Spielberg and Yeend, we would like to mention the recent work of Deeley, Putnam and Strung, [6] , on a realisation of the Jiang-Su algebra [14, 30] via anétale equivalence relation. Building on Renault's groupoid C*-algebra models for AF algebras [27] , Putnam [26] recently showed that a large class of classifiable stably finite C*-algebras can be constructed frométale groupoids. Existence and uniqueness of Cartan subalgebras has also been studied in [22] .
Given that many classifiable C*-algebras arise from (twisted) groupoids, it is natural to investigate whether dynamics involving such C*-algebras are geometric in nature as well. More concretely, one can ask which discrete group actions on classifiable C*-algebras are (cocycle) conjugate to actions that are induced by twisted groupoid automorphisms. With regards to Renault's characterisation of Cartan subalgebras, our starting point was the following weaker but related question. Question 1.1. Let A be a C*-algebra that is classifiable in the sense of the Elliott program and Γ a discrete, amenable group. Which Γ-actions of A by * -automorphisms preserve some Cartan subalgebra of A globally?
In this paper, we restrict attention to actions of finite groups on UCT Kirchberg algebras that either have the Rokhlin property or are approximately representable in the sense of Izumi [11] and Nawata [23] . These classes of actions are dual to each other (see [11, 23] and also [3, 8] ), so that, by employing Takai duality [35] , their study often goes hand in hand. In particular, the rigidity of the Rokhlin property makes both, actions with the Rokhlin property and approximately representable actions, natural classes of actions which are particularly accessible to classification, see for instance [11, 12] .
As shown in [1] , a necessary condition for a positive answer to Question 1.1 is that the associated crossed products satisfy the UCT. Using Izumi's classification results in [11] , it is shown in the same paper that this condition is also sufficient for outer actions of Z 2 on the Cuntz algebra O 2 that are approximately representable. Using different techniques explained later in the introduction we obtain the following generalization as one of our main results. Theorem 1.2. Let n ≥ 2. Let A be a unital UCT Kirchberg algebra and α : Z n A an outer approximately representable action. Assume that A ⋊ α Z n absorbs the UHF algebra M n ∞ tensorially. Then the following are equivalent:
(i) A ⋊ α Z n satisfies the UCT; (ii) there exists an inverse semigroup S ⊂ A of partial isometries generating A as a C*-algebra such that (1) S is α-homogeneous;
(2) C * (E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor space in both A α and A; (3) unitaries in A α witnessing approximate representability can be chosen in C * (E); (iii) there exists a Cartan subalgebra C ⊂ A such that α(C) = C.
Here, we denote by E the idempotent semilattice of S and by C * (E) the C*-subalgebra of A generated by E. The condition in Theorem 1.2(ii) can be considered as a quasi-freeness type condition with respect to the inverse semigroup S. Indeed, if S is generated by a Cuntz family of isometries or, more generally, by a Cuntz-Krieger family of partial isometries, then α is quasi-free in the sense of [7] and [40] .
On our way to Theorem 1.2, we prove the following structure result for actions with the Rokhlin property on unital UCT Kirchberg algebras. Theorem 1.3. Let Γ be a finite group such that every Sylow subgroup is cyclic. Let A be a unital UCT Kirchberg algebra with A ∼ = A⊗M |Γ| ∞ . Let α : Γ A be an action with the Rokhlin property.
Then there exists an α-invariant inverse semigroup S ⊂ A of partial isometries generating A as a C*-algebra such that C * (E) is a Cartan subalgebra with totally disconnected spectrum and α γ (C * (E)) = C * (E) for all γ ∈ Γ.
In the particular case that A is the Cuntz algebra O 2 and n is a prime power, Theorem 1.2 applies to all outer actions that are strongly approximately inner in the sense of Izumi [11] , see Corollary 4.12. We use this to give a new characterisation of the UCT problem. This completes earlier work by the authors in [1] where a similar characterisation was given for the smaller class of all separable, nuclear C*-algebras that are KK-equivalent to their M 2 ∞ -stabilisation. Our result reads as follows. (i) Every separable, nuclear C*-algebra A satisfies the UCT; (ii) for every prime number p ≥ 2 and every outer strongly approximately inner action α : Z p O 2 there exists an inverse semigroup S ⊂ O 2 of partial isometries generating O 2 as a C*-algebra such that (1) S is α-homogeneous; (2) C * (E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor space in both O The proofs of Theorems 1.2 and 1.3 rely on other results obtained in this paper, which are of independent interest. The first one is Theorem 3.6. Here a new construction of Cartan subalgebras in inductive limits of Cartan pairs is given, under the assumption that each connecting map is realised as the composition of two * -homomorphisms induced by twisted groupoid homomorphisms, where the first one is proper and surjective and the second one is open and injective, that satisfy additional compatibility conditions. The second result is Theorem 4.3 which provides a criterion under which a given finite group action with the Rokhlin property on a separable C*-algebra fixes some Cartan subalgebra globally. Here we make of use of the concrete model actions described in [2] . The crucial feature is that it suffices to pass from the Rokhlin action to any family of automorphisms indexed by the group inducing the same map into the automorphism group of the C*-algebra up to approximate unitary equivalence, and find some Cartan subalgebra in the C*-algebra that is fixed globally by all of these automorphisms. Using a classification result by Izumi [12] , it turns out that for UCT Kirchberg algebras it is even enough for this family of automorphisms to induce the same action on K-theory.
Lemma 4.4 and Remark 4.5 together with Lemma 4.7 now complete the proofs of Theorems 1.2 and 1.3. Using Katsura's homological algebra machinery [15] and Spielberg's graph based models of UCT Kirchberg algebras [33] and construction of actions on these models [34] , we show that for every action of a finite group with cyclic Sylow subgroups on a pair of countable abelian groups there exists an action of anétale locally compact groupoid with totally disconnected unit space such that the associated reduced groupoid C*-algebra is a UCT Kirchberg algebra and the induced action on it realises the prescribed action on the level of K-theory. From this, we conclude the existence of the desired inverse semigroup S in Theorems 1.2 and 1.3.
The paper is organised as follows. In Section 2, we recall the definition of Cartan subalgebras, Renault's characterisation of Cartan pairs in terms of twisted groupoid C*-algebras, as well the duality result for finite abelian groups for actions with the Rokhlin property and approximately representable actions. The main result of Section 3 is Theorem 3.6, where Cartan subalgebras in certain inductive limits of Cartan pairs are constructed. In Section 4, we prove our main results Theorems 1.2, 1.3 and 1.4.
This work was initiated during a visit of the first named author at Queen Mary University of London in autumn 2016. He would like to thank the second named author and the Geometry and Analysis Group for their kind hospitality during this stay.
Preliminaries
In the following, all our groupoids are locally compact Hausdorff second countable topological groupoids.
2.1.
From twisted groupoids to C*-algebras. Let us recall some definitions from [21, 28] . A twisted groupoid is a locally compact groupoid Σ together with a free action T Σ such that T × Σ → Σ, (z, σ) → zσ is continuous and the quotient Σ/T is Hausdorff. In addition, the canonical projection Σ ։ Σ/T should be a locally trivial principal T-bundle. Furthermore, we require that for all z 1 , z 2 ∈ T and σ 1 , σ 2 ∈ Σ, z 1 σ 1 and z 2 σ 2 are composable if and only if σ 1 and σ 2 are composable, and if that is the case, we want to have (
It follows from these axioms that the groupoid structure on Σ induces the structure of a locally compact groupoid on G := Σ/T. Hence we obtain a central extension
Usually, we denote the twisted groupoid as described above by (G, Σ). If G isétale (topologically principal), we say that (G, Σ) is a twistedétale (topologically principal) groupoid. The quotient map π : Σ ։ G is often denoted by σ →σ. Note that π is open and closed, as it is the quotient map corresponding to a continuous action of a compact group. It follows that π is proper as it is perfect, i.e., π −1 ({γ}) is compact for all γ ∈ G.
To construct the reduced C*-algebra of (G, Σ) for Gétale, let
and for f ∈ C(G, Σ), define supp (f ) := {σ ∈ G: f (σ) = 0}. Set
C c (G, Σ) becomes a * -algebra under the operations
. For x ∈ X, define the Hilbert space
We obtain a representation π x of C c (G, Σ) on H x by setting Remark 2.3. Let us briefly explain how (G, Σ) is constructed out of (A, B). Set X := Spec (B). By [28, Proposition 4.7] , for every n ∈ N A (B) there exists a partial homeomorphism α n : dom (n) → ran (n), with dom (n) = {x ∈ X: n * n(x) > 0} and ran (n) = {x ∈ X: nn * (x) > 0}, such that n * bn(x) = b(α n (x))n * n(x) for all b ∈ B and x ∈ X. Here we use the canonical identification B ∼ = C 0 (X). Define the pseudogroup G(B) := {α n : n ∈ N A (B)} on X. Let G(B) be the groupoid of germs of G(B), i.e.,
and Σ(B) are topological groupoids (see [28] for details), and the canonical homomorphism
2.3. The Rokhlin property and approximate representability.
Definition 2.4. [19, Definitions 1.1] For a C*-algebra A, its sequence algebra A ∞ is defined as
There is a canonical embedding of A into A ∞ by (representatives) of constant sequences. If B ⊆ A ∞ is a sub-C*-algebra, then we also consider the relative commutant of B inside A ∞
and the (corrected) central sequence algebra
We also denote
Definition 2.5. Let Γ be a finite group. We denote by σ : Remark 2.9. Let Γ be a finite abelian group and denote by e γ ∈ C(Γ) the minimal projection associated with γ ∈ Γ. Let α : Γ A be an action with the Rokhlin property on a unital and separable C*-algebra. Let us remark for later purposes that for a given unital and equivariant
defines a unitary representation of the dual groupΓ. As explained in [11, Lemma 3.8] ,α χ (x) = u * χ xu χ for all x ∈ A ⋊ α Γ and χ ∈Γ. In particular, unitaries in A ∞ = ((A ⋊ α Γ)α) ∞ witnessing approximate representability ofα can be chosen in ι(C(Γ)).
Inductive limits and Cartan pairs
Let (G, Σ) and (H, T ) be twisted groupoids. A twisted groupoid homomorphism is a continuous groupoid homomorphism p : T → Σ which is T-equivariant, i.e., p(zτ ) = zp(τ ) for all z ∈ T and τ ∈ T . Let π H : T ։ H and π G : Σ ։ G be the canonical projections. p induces a mapṗ :
In other words,ṗ is uniquely determined by the commutative diagram
Lemma 3.1. In the situation above, p is proper if and only ifṗ is proper.
Proof. This is an easy consequence of the observation that π G and π H are proper and commutativity of (1).
Lemma 3.2. Let (G, Σ) and (H, T ) be twistedétale groupoids. Write X := G (0) and Y := H (0) . Let p : T → Σ be a surjective twisted groupoid homomorphism. Assume that p is proper, and that for every
Proof. By Lemma 3.1 and because p is proper,ṗ is proper. Thus given f ∈ C c (G, Σ), we have
Here we used that
To see that f → f • p is isometric, take y ∈ Y and let x := p(y). Write H y and H x for the Hilbert spaces as in § 2.
Hence
, and thus,
where I denotes the identity operator. This shows that
Now let (H, T ) and (G, Σ) be two twistedétale groupoids. Let ı : T → Σ be a twisted groupoid homomorphism, and i : H → G the induced groupoid homomorphism. 
Here we identify T with an open subgroupoid of Σ via ι. 1 T is the characteristic function of T , and 1 T · f is the pointwise product, i.e., (
Proof. Let i : H → G be the groupoid homomorphism induced by ı. As ı is injective, i must be so as well. Let us identify H and T with open subgroupoids of G and Σ via i and ı, respectively. The image of i is open because of Lemma 3.3. As T is open in Σ, f → 1 T · f is well-defined (the property of having compact support is clearly preserved). It is moreover easy to see that
It is easy to see that, for all α 1 , α 2 ∈ Σ x , α 1 ∼ α 2 if and only ifα 1 ∼α 2 . Moreover, for α ∈ Σ x , we have α ∼ α if and only if r(α) = αα
(r here is the range map of Σ.) Restricted to P x , ∼ is an equivalence relation. For α ∈ P x , consider its equivalence class [α] := {β ∈ Σ x : β ∼ α}. We have a T-equivariant homeomorphism [α] → T r(α) , β → βα −1 , whose inverse is given by τ α ← τ . Let H x be the Hilbert space as in
the Hilbert space as in § 2.1. For α ∈ P x , consider the unitary U α :
. We have
This shows that
Thus
Recall that for a locally compact Hausdorff space X, a sequence (f n ) n ∈ C c (X) is said to converge to f ∈ C c (X) in the inductive limit topology if there exists a compact subset K ⊆ X such that supp (f n ), supp (f ) ⊆ K for all n and f n converges to f on K uniformly. 
Proof. By definition,
and the topology onḠ is given by the subspace topology from j G j . It is clear thatḠ is Hausdorff and second countable. To see thatḠ is locally compact, take an arbitrary element
Since all p j are proper, all the U j are compact. Hence p
is a compact neighbourhood ofγ. Therefore, with component-wise groupoid operationsḠ k becomes a locally compact Hausdorff second countable topological groupoid.
Now let us show that
This gives us compact subsets K i ⊆ G i , for all i, and we obviously have that (p
is dense in C c (Ḡ) in the inductive limit topology is a straightforward partition of unity argument, which we leave to the reader.
Assume that, for all k, p k is surjective, proper, and that for all
Suppose that the following two conditions are satisfied:
(LT) For every open subset U ⊆ G k and continuous section ρ :
For every open subset U ⊆ X k and continuous section t : U → G k for the source map of G k , where t has open image, there is a continuous sectiont :ṗ
Similarly, for all k, define recursively for all j = 0, 1, . . . : G k,0 := G k and G k,j+1 :=ṗ
In this situation, we have
is a twistedétale groupoid. Moreover, the inclusion maps ı k and i k induce, for all k, an injective twisted groupoid homomorphismī k :Σ k →Σ k+1 and an injective continuous groupoid homomorphismī k :Ḡ k →Ḡ k+1 with open image. Settinḡ
(c) If for all k, G k is topologically principal, then alsoḠ k is topologically principal for all k, andḠ is topologically principal. In that case, lim − →k
Proof. Let us first prove (a) and (b). By definition,
and the topology onΣ k is given by the subspace topology from j Σ k,j . Let p k j :Σ k ։ Σ k,j be the canonical projection. Similarly,
with the subspace topology from j G. Letṗ
Let
To show thatḠ k isétale, we have to prove that the source maps : 
) is a continuous section with open image fors. In addition, we must havet(x) =γ, i.e., t j (x j ) = γ j . This follows inductively from t 0 (x 0 ) = γ 0 ,ṗ k+j (t j+1 (x j+1 )) = t j (x j ),ṗ k+j (γ j+1 ) = γ j and the assumption thatṗ k+j
Obviously, the T-action is continuous, free and transitive. Assume that for (σ j ) ∈Σ k ,π k (σ j ) = (x j ) ∈X k . Then we know that there are z j ∈ T with σ j = z j x j for all j. Let z := z 0 . Then it follows from z j+1 x j = z j+1ṗk+j (x j+1 ) = p k+j (σ j+1 ) = σ j = z j x j that z j+1 = z j , and hence z j = z for all j. Thus the canonical projectionΣ k /T →Ḡ k induced byπ k is continuous and injective, which shows thatΣ k /T is Hausdorff. Let us show that π k :Σ k →Ḡ k is surjective and defines a locally trivial T-bundle. Letγ = (γ j
) is a continuous section forπ k . In particular,π k (ρ(γ)) =γ, and we see thatπ k is surjective. As each π k+j defines a locally trivial principal T-bundle, we obtain homeomorphisms
with inverse (z j (σ),σ) ← σ. It follows that For that purpose, it is enough to show that for every f ∈ C c (Ḡ k ,Σ k ), there exists a sequence
) such that f m −→ m f in the inductive limit topology. The latter means that there is a compact subset K ⊆Ḡ k such that supp (f m ) ⊆ K for all m, and we have lim m→∞ f − f m ∞ = 0.
Let U 0 ⊆ G k be an open subset and ρ 0 : U 0 → Σ k a continuous section for π k . As above, using condition (LT), find a continuous sectionρ :Ū := (ṗ
, where ρ j : U j → Σ k,j are continuous sections for π k+j , such that
commutes. Recall the homeomorphisms π (3) and (4), respectively. Because (5) commutes, we must have
Take any f ∈ C c (Ḡ k ,Σ k ) with supp (f ) ⊆Ū . We findḟ ∈ C c (Ḡ k ) with supp (ḟ ) ⊆Ū such that f (σ) = z(σ)ḟ (σ) for all σ ∈π −1 k (Ū ) ∼ = T×Ū . By Lemma 3.5, we can find a fixed compact subset K ⊆Ḡ k with K ⊆Ū and for all ε > 0 a functionġ
Since the restriction of p k+j to (G k,j+1 ) y is injective for all y ∈ X k,j+1 , we have p
. To see this, let η ∈ Σ k,j+1 with p k+j (η) = x ∈ X k,j . Let y = s(η). Then bothη and y lie in (G k,j+1 ) y , andṗ k+j (η) =ṗ k+j (y) = x. Henceη = y. This implies η = zy for some z ∈ T, and x = p k+j (η) = p k+j (zy) = zx implies z = 1. Thus η = y ∈ X k,j+1 . This shows p 
By construction, it is clear that (Ḡ,Σ) is a twistedétale groupoid. It is also clear thatḠ
We hence obtain an isometric homomorphism lim
we obtain an isometric homomorphism
It has dense image because it contains, for all j,
). This proves (a) and (b). For (c), assume that for every k, G k is topologically principal. We first show that 
It thus remains to show that for every k andx ∈ X k ,ī ∞ k (x) has trivial stabilizer group inḠ. Asx = (x j ) lies in X k , there exists i such that (G k+i )
Let us first show that for all j ≥ i, we must have (G k+j )
x j x j = {x j }. Proceeding inductively on j, we may assume that (G k+j )
x j x j = {x j } and have to show that (G k+j+1 )
x j+1
x j+1 = {x j+1 }. By assumption,ṗ k+j restricts to a bijection (G k+j+1 ) x j+1 → (G k+j ) x j . Take γ ∈ (G k+j+1 ) x j+1 with r(γ) = x j+1 . Then r(ṗ k+j (γ)) = x j , so thatṗ k+j (γ) = x j , and thus γ = x j+1 . Hence, we indeed have (G k+j )
x j x j = {x j } for all j ≥ i. Now takeγ ∈Ḡ with range and source equal toī ∞ k (x). We haveγ =ī ∞ l (γ) for some γ ∈Ḡ l , and we may without loss of generality assume that l ≥ k. Let y =ī l,k (x). It follows from injectivity ofī This implies γ j = y j for all j ≥ i. But then we must have γ j = y j for all j, since γ h for h ≤ i is determined recursively by γ h−1 =ṗ l+h−1 (γ h ). Hence γ = y, and we conclude thatγ =ī
ThusḠ is indeed topologically principal. This shows (c). = 1, 2, . . . , (G(j), Σ(j) ) is a twisted etale topologically principal groupoid with compact unit space X(j). Let
Cartan pair. In order to apply Theorem 3.6,
It is easy to check that p k is a surjective and proper twisted groupoid homomorphism, for all k. Clearly, each restriction (
As conditions (LT) and (E) are easily verified, Theorem 3.6 applies and yields that
is a Cartan pair.
Invariant Cartan subalgebras
Recall that an inverse semigroup is a semigroup S such that for every s ∈ S, there exists a unique s * ∈ S such that s = ss * s and s * = s * ss * . We write E := e ∈ S: e = e 2 = e ∈ S: e = e * = e 2 for the associated semilattice of idempotents. If A is a C*-algebra and S ⊆ A is an inverse semigroup of partial isometries in A, then we write C * (E) for the C*-subalgebra of A generated by E. We remark that in the literature C * (E) often denotes the universal C*-algebra of the semilattice E. However, there should be no confusion as the later object does not appear anywhere in this paper.
Lemma 4.1. Let (A, B) be a Cartan pair with A a separable C*-algebra and such that Spec (B) is totally disconnected. Then S = {s ∈ N A (B): s = ss * s} is an inverse semigroup generating A as a C*-algebra such that B = C * (E). Moreover, if α ∈ Aut (A) is an automorphism, then α(B) = B if and only if α(S) = S.
Proof. It is clear from the definition of the normalizer that S is an inverse semigroup. Let us prove that S generates A as a C*-algebra. Let (G, Σ) be a twistedétale Hausdorff locally compact second countable topologically principal groupoid with (A, B) ∼ = (C * r (G, Σ), C 0 (G (0) )), which exists by Theorem 2.2. We claim that it is enough to prove that any element in
) with compact open support can be approximated by linear combinations of partial isometries in N C * r (G,Σ) (C 0 (G (0) )). To see this, observe that it is enough to consider elements in N C * r (G,Σ) (C 0 (G (0) )) with compact support, as these are dense in N C * r (G,Σ) (C 0 (G (0) )) by [28, Lemma 5.8] . By [28, Proposition 4.8] 
for all x, y ∈ U j and j = 1, . . . , n. For each j, choose a fixed x j ∈ U j , and define g j ∈ C 0 (G (0) ) with supp (g j ) ⊆ U j by setting
.
is a scalar multiple of a partial isometry. Now,
By definition of S, it holds that E contains all projections of B. As B has totally disconnected spectrum, we conclude that B = C * (E). Now let α ∈ Aut (A). If α(S) = S, then α(E) = E and consequently α(B) = B. Conversely, if α(B) = B, then always α (N A (B) ) ⊆ N A (B) and consequently α(S) ⊆ S. As α −1 (B) = B as well, it follows that α(S) = S. This concludes the proof.
The following result is a slight improvement of [2, Theorem 2.3 with proof]. We are grateful to Gábor Szabó for pointing out to us that only the separability assumption on the C*-algebra in the statement of [2, Theorem 2.3] is needed. Given two automorphisms α and β of a C*-algebra A, we write α≈ u β if α and β are approximately unitarily equivalent via unitaries in the minimal unitization of A. Theorem 4.2. Let Γ be a finite group. Let A be a separable C*-algebra such that A ∼ = M |Γ| ∞ ⊗A. Let {β γ : γ ∈ Γ} be a family of * -automorphisms on A such that β γη ≈ u β γ • β η for all γ, η ∈ Γ. Consider the C*-dynamical system
where M denotes the algebra of |Γ| × |Γ| matrices, σ : Γ C(Γ) is the action given by σ γ (f )(η) = f (γ −1 η) and
. Then the action δ : Γ D has the Rokhlin property and there exists a * -isomorphism µ :
Proof. If we assume that A is either unital, stable or has stable rank one, then this follows from [2, Theorem 2.3 and its proof]. The only reason for this restriction is that in these cases the two notions of approximate unitary equivalence, with respect to unitaries in the multiplier algebra and the minimal unitization, coincide. However, apart from unitaries in
, which are used in the proof of [2, Theorem 2.3] (in the fourth paragraph, for . All these unitaries can be chosen to be norm-homotopic to the identity. However, the connected component of the identity in the unitaries of the minimal unitization of a C*-algebra C is always strictly dense in the connected component of the unitaries of its multiplier algebra M(C). This is a consequence of the fact that the set of self-adjoint element in C is stictly dense in the set of self-adjoint elements of M(C). This shows that all unitaries in the proof of [2, Theorem 2.3] implementing approximate unitary equivalences can be taken in the respective minimal unitizations.
For a discrete group action α : Γ A on a C*-algebra, we write t γ ∈ M(A ⋊ α Γ) for the canonical unitary implementing α γ .
We say that an element a ∈ A is α-homogeneous if for every γ ∈ Γ, there is some scalar λ ∈ C such that α γ (a) = λa. Note that λ is of modulus one if a = 0, with λ n = 1 if α n γ = id.
Theorem 4.3. Let Γ be a finite group. Let A be a separable C*-algebra with A ∼ = M |Γ| ∞ ⊗ A. Let α : Γ A be an action with the Rokhlin property. Assume that there exists a family of * -automorphisms {β γ : γ ∈ Γ} ⊆ Aut (A) and a Cartan subalgebra B ⊆ A such that β γ ≈ u α γ and β γ (B) = B for all γ ∈ Γ.
Then there exists another Cartan subalgebra C ⊆ A such that
2) C ⊆ A ⋊ α Γ is also a Cartan subalgebra, which is fixed pointwise byα if Γ abelian; 3) if A is unital and Γ abelian, then unitaries in A = (A ⋊ α Γ)α witnessing approximate representability ofα can be chosen in C; 4) if B has totally disconnected spectrum, then there exists an α-invariant inverse semigroup S ⊆ A of partial isometries generating A as a C*-algebra such that C * (E) = C. In this case,S := {st γ : γ ∈ Γ, s ∈ S} is an inverse semigroup of partial isometries in A ⋊ α Γ which generates A ⋊ α Γ as a C*-algebra and whose idempotent semilattice is equal to E. If Γ is abelian, thenS consists ofα-homogeneous elements; 5) if A is unital and the canonical map P(B) \ {0, 1} → K 0 (A) is surjective, then so is the canonical map P(C) \ {0, 1} → K 0 (A).
If A is either a unital UCT Kirchberg algebra or a unital, simple, separable, nuclear TAF algebra in the UCT class, then the conclusions remain true if we replace
Proof. By Theorem 4.2, the action δ : Γ D given by
has the Rokhlin property and there exists an isomorphism µ : 
Clearly, p k is a twisted groupoid homomorphism, which is surjective, proper, andṗ k restricts to bijections
* . Furthermore, it is easy to see that conditions (LT) and (E) are satisfied. Thus Theorem 3.6 applies and yields that
is a Cartan pair. As σ ⊗ id M ⊗k−1 ⊗A (B k ) = B k for all k ≥ 1, the Cartan subalgebra F := lim − →k {B k ; ϕ k } of D gets fixed globally by δ. This shows 1). Set G := Γ ⋊ Γ, where we let Γ act on itself by left multiplication. Set
, where for g = (α, γ) ∈ G, g · d = (αd, γ). Applying Theorem 3.6 to this setting gives us that
is a Cartan pair. We conclude 2). Let A be unital and Γ abelian. The above construction of the Cartan pair (D,F ) shows that the Rokhlin projections for δ can all be chosen to be in the subalgebras C(Γ) ⊆ B k , k ≥ 1. In particular, all Rokhlin projections for δ can be chosen in F . It now follows from Remark 2.9 that the unitaries in D = (D ⋊ γ Γ)δ witnessing approximate representability ofδ can also be chosen to be in F . This shows 3).
Assume now that Spec (B) is totally disconnected. Then B is generated by its projections. The construction of the Cartan pair (D, F ) shows that in this case F is generated by its projections as well and therefore has totally disconnected spectrum. Applying Lemma 4.1, we obtain an α-invariant inverse semigroup S ⊆ D of partial isometries generating D as a C*-algebra such that F = C * (E). The property that δ preserves F is equivalent to the canonical unitaries t γ , γ ∈ Γ, normalizing F . Therefore,S = {st γ : γ ∈ Γ, s ∈ S} is an inverse subsemigroup of partial isometries in N D⋊ δ Γ (F ) with idempotent semilattice equal to E such that (C * (S),
is abelian, thenS clearly consists ofδ-homogeneous elements. This shows 4).
Assume that A is unital and P(B) \ {0, 1} → K 0 (A) is surjective. Let x ∈ K 0 (D) and find some k ∈ N andx ∈ K 0 (C(Γ) ⊗ M ⊗k ⊗ A) which gets mapped to x under the canonical map. By assumption, we find projections p ∈ C(Γ) and
Here we use that C(Γ) ∼ = C |Γ| . We may also assume that p = 0 and q = 0, 1. This shows that x is in the image of the canonical map P(C(Γ) ⊗ D ⊗k ⊗ B) \ {0, 1} → K 0 (D). Using that the connecting maps ϕ n are unital and injective, it follows that P(F ) \ {0, 1} → K 0 (D) is surjective. This shows 5).
Finally, assume that A is either a unital UCT Kirchberg algebra or a unital, simple, separable, nuclear TAF algebra in the UCT class. Assume that the family {β γ : γ ∈ Γ} ⊆ Aut (A) satisfies K * (β γ ) = K * (α γ ) and β γ (B) = B for all γ ∈ Γ. By Theorem 4.2, we find an action with the Rokhlin property ρ : Γ A such that β ρ ≈ u ρ γ for all γ ∈ Γ. In particular, K * (α γ ) = K * (ρ γ ) for all γ ∈ Γ. By the first part of this theorem, we obtain a Cartan subalgebra F ⊆ A satisfying 1) -5) (if applicable) for ρ. By [12, Theorem 4.2 and Theorem 4.3], there exists an equivariant isomorphism (A, α) ∼ = (A, ρ). The image C of F under this equivariant isomorphism yields the desired Cartan subalgebra.
Let us now explain how the following result is a consequence of [15, 33, 34] . Recall that a subgroup of a group is called a Sylow subgroup if is a maximal p-subgroup for some prime number p ≥ 2.
Lemma 4.4. Let K 0 , K 1 be countable abelian groups and u ∈ K 0 an arbitrary element. Let Γ be a finite group such that every Sylow subgroup of Γ is cyclic. Let Γ K i , i = 0, 1, be actions such that Γ K 0 fixes u. Then there exists anétale topologically principal groupoid G with compact totally disconnected unit space X and an action Γ G such that
Proof. Our proof is a combination of [15, 33, 34] . We first use [15] to obtain exact sequences of permutation modules. We then apply the construction in [34] , which builds on [33] . This approach has also been mentioned in [16, Remark 3.4] . In contrast to the construction in [16] , we obtain groupoids with totally disconnected unit space in this way.
For i = 0, 1, consider the exact sequence of ZΓ-modules
where π i is the canonical projection and N i = ker (π i ). 
as ZΓ-modules. We obtain the exact sequence of ZΓ-modules
, and a 0 := u ∈ K 0 ⊔ X 0 = A 0 , we obtain, for i = 0, 1, a short exact sequence of ZΓ-modules
and a 0 ∈ A 0 is fixed by Γ withπ 0 (a 0 ) = u. This is precisely the initial data needed to run the construction in [34, Theorems 2.1 and 2.2]. Let us sketch the construction and refer the reader to [33, 34] for details. Using [34, Theorem 2.1] and (the proof of) [34, Theorem 2.2], we obtain irreducible (i.e., strongly connected) countable graphs E i , F i , i = 0, 1, each of which has a unique vertex emitting infinitely many edges, together with actions Γ E i , i = 0, 1, and Γ-equivariant inclusions Z) ; and the first two isomorphisms fit into commutative diagrams, for i = 0, 1:
Note that commutativity of the diagram for i = 0 implies that the isomorphism K 0 (O(E 0 )) ∼ = K 0 sends [P a 0 ] to u ∈ K 0 . Now, the construction in [33] , applied to E 0 , E 1 , F 0 and F 1 , yields a "hybrid graph structure" Ω. The Γ-actions on E 0 and E 1 induce a Γ-action on Ω. In Ω, we have a notion of finite paths, denoted by Ω * , and a length function l : Ω * → N 2 (where N = {0, 1, 2, . . .}). We also have infinite paths in Ω, and we can equip the set Z of infinite paths with a natural topology such that Z becomes a totally disconnected, second countable, Rokhlin property by Theorem 2.8. Lemma 4.7 together with Theorem 4.3 now yield an inverse semigroupS ⊆ B ⋊ γ Z n ofγ-homogeneous partial isometries generating B ⋊ γ Z n as a C*-algebra such that the C*-subalgebra C * (E) generated by the corresponding idempotent semilattice is a Cartan subalgebra in both B and B ⋊ γ Z n ; in addition, unitaries in (B ⋊ γ Z n )γ = B witnessing approximate representability ofγ can be chosen in C * (E) and the map P(C * (E)) \ {0, 1} → K 0 (B) = K 0 ((B ⋊ γ Z n )γ) is surjective. Furthermore, being a masa with totally disconnected spectrum in a unital Kirchberg algebra, C * (E) has spectrum homeomorphic to the Cantor space. Thus,S ⊆ B ⋊ γ Z n = A ⋊ α Z n ⋊α Z n satisfies the properties (1) -(3) forγ =α.
Now let e ∈ B(ℓ 2 (Z n )) denote the rank one projection onto the subspace of constant functions and ρ : Z n B(ℓ 2 (Z n )) the action induced by the right regular representation. There are equivariant isomorphisms
, where the second isomorphism is induced by Takai duality, [35, Theorem 3.4] . Using that P(C
clearly consists ofα-homogeneous partial isometries and generates p(A ⋊ α Z n ⋊α Z n )p as a C*-algebra. Moreover, pC * (E)p is a Cartan subalgebra in both p(A ⋊ α Z n ⋊α Z n )p and
and coincides with the C*-algebra generated by the idempotent lattice of pSp. Furthermore, by multiplying unitaries in C * (E) witnessing approximate representability ofα with p, one obtains unitaries in pC * (E)p witnessing approximate representability of the restricted action ofα on p(A ⋊ α Z n ⋊α Z n )p. The desired inverse semigroup S ⊆ A is now given as the image of pSp under the equivariant isomorphism (A, α) ∼ = (p(A ⋊ α Z n ⋊α Z n )p,α).
The implication (ii) implies (iii) is trivial and the last implication, (iii) implies (i), follows from [1, Proposition 3.4]. . Let Γ be a finite abelian group and A a unital, separable C*-algebra. An action α : Γ A is called strongly approximately inner if there exist unitaries u n ∈ A α , n ∈ N such that α = lim n→∞ Ad (u n ).
Remark 4.11. 1) Let n ≥ 2. Let A be a unital UCT Kirchberg algebra and α : Z n A an outer strongly approximately inner action. Then α ⊗ id : Z n A ⊗ M n ∞ is outer and approximately representable by [11, Lemma 3.10] . Since (A ⊗ M n ∞ ) ⋊ α⊗id Z n ∼ = (A⋊ α Z n )⊗M n ∞ , the conditions of Theorem 4.9 are satisfied for α⊗id : Z n A⊗M n ∞ . 2) To the best of the authors' knowledge, it is not known whether all Z 2 -actions on O 2 are strongly approximately inner.
We also record the following consequence for outer strongly approximately inner actions on O 2 by cyclic groups with prime power order. [18, 24] . Furthermore, α is approximately representable by [11, Theorem 4.6] . Hence, Theorem 4.9 applies and the proof is complete.
The following result gives a characterization of the UCT problem for separable, nuclear C*-algebras that are KK-equivalent to their M p ∞ -stabilisation, where p ≥ 2 is a prime number, in terms of outer order p automorphisms and Cartan subalgebras of O 2 . A similar result for the case p = 2 can be found in [1, Theorem 5.8].
Theorem 4.13. Let p ≥ 2 a prime number. The following statements are equivalent:
(i) Every separable, nuclear C*-algebra A that is KK-equivalent to A ⊗ M p ∞ satisfies the UCT; (ii) for every outer strongly approximately inner action α : Z p O 2 there exists an inverse semigroup S ⊆ O 2 of partial isometries generating O 2 as a C*-algebra such that (1) S is α-homogeneous; (2) C * (E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor space in both O Proof. Assume that (i) holds and let α : Z p O 2 be an outer strongly approximately inner action. Then O 2 ⋊ α Z p is a unital, M p ∞ -absorbing Kirchberg algebra. By assumption, O 2 ⋊ α Z p satisfies the UCT. Claim (ii) now follows from Corollary 4.12.
The implication from (ii) to (iii) is trivial. Lastly, assume (iii) and let A be a separable, nuclear C*-algebra with the property that it is KK-equivalent to A ⊗ M p ∞ . Then A is KK-equivalent to a unital, M 
As an outer strongly approximately action on O 2 , α fixes some Cartan subalgebra B ⊆ O 2 globally by assumption. By [1, Proposition 3.4] , O 2 ⋊ α Z p satisfies the UCT and so does A. This shows (i) and the proof is complete.
The UCT problem can now be reformulated as follows.
Corollary 4.14. The following statements are equivalent: (i) Every separable, nuclear C*-algebra A satisfies the UCT; (ii) for every prime number p ≥ 2 and every outer strongly approximately inner action α : Z p O 2 there exists an inverse semigroup S ⊆ O 2 of partial isometries generating O 2 as a C*-algebra such that (1) S is α-homogeneous; (2) C * (E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor space in both O 
